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1 Introduction

Different approaches have been used so far to explain the peculiar pattern of fermion masses

and mixings and in particular to account for the widely different patterns observed in the

charged and neutral fermion sectors.

While the experimental determination of neutrino masses and mixings is relatively

recent, the first charged fermion mass was measured more than a century ago. As a

consequence, most approaches, most notably the one based on flavour symmetries, have

been developed in connection to the charged fermion sector and have been later extended

to neutrinos and lepton mixing. This is also because charged fermion masses may be

related to the origin of flavour in a more direct way than neutrinos, as the latter are likely

to get their masses from lepton number violation at large scales through some kind of

see-saw mechanism.

Following [1], in this paper we will consider an “anarchical” approach that does not

make use of any flavour symmetry [2] or other dynamical mechanisms and can be considered

to be inspired by the neutrino sector. It is well known that the structure of masses and
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mixings of the second and third neutrino families can be accounted for in terms of the

dominant exchange of a single right-handed neutrino with similar, possibly large couplings

to both the second and third light neutrinos [3]. This leads to a normal-hierarchical pattern

of light neutrinos. As the couplings can be taken to be random order one numbers, this

mechanism does not require any special dynamics controlling the sizes of the couplings of

the second and third families. Still, the neutrino spectrum ends up being hierarchical, for

the simple reason that the exchange of a single singlet neutrino can only give mass to one

light neutrino.

Is it possible that a similar mechanism is at work in the charged fermion sector, with

the structure of masses and mixings of the second and third charged fermion families

accounted for by the dominant exchange of a single set of messengers, with unconstrained,

anarchical, O (1) couplings? On the one hand, the single messenger mechanism can in

principle be exported, since many theories of flavour, including those based on flavour

symmetries, assume the existence of a heavy sector of messengers. On the other hand,

the extension to the quark sector might look non-trivial, since the random O (1) couplings

lead in the neutrino sector to large mixing angles that we do not observe in the quark

sector. This potential problem, however, does not arise if the messengers are left-handed,

as observed in [1]. In this case, in fact, the large rotations induced in the up and down quark

sector are approximately equal and compensate each other, leading to small mixing in the

CKM matrix. Starting from this observation, a Pati-Salam (PS) model was developed

that accounts for most features of the masses and mixings of the second and third families

and for the main qualitative features associated with the first family. While some specific

flavour dynamics may need to be invoked for a quantitative account of the first family, it is

impressive that so many other features do not actually need a flavour symmetry or other

dynamics to be explained.

In this paper, we show that the approach illustrated in [1] can be embedded in a

unified theory, more precisely in a SO(10) supersymmetric model in five dimensions. We

also discuss the implications for flavour changing neutral current (FCNC) and lepton flavour

violating (LFV) processes. We begin in section 2 illustrating the pattern of fermion masses

and mixings emerging from the unified theory in the context of a simple, effective PS theory

in four dimensions. In section 3 we illustrate the peculiar FCNC and LFV effects associated

with new physics near the GUT scale characterized by large couplings with both the second

and third family. In section 4 we show an example of embedding in SO(10). In most of the

paper we concentrate on the second and third family masses and mixings, whose features

do not need flavour symmetries. In section 4.7, before concluding, we sketch a possibility

to fix the quantitative aspects related to the first family. For sake of clarity, we will give a

short summary of the basic assumptions and achievements at the end of each section.

2 Yukawa textures in the effective Pati-Salam theory

We begin by illustrating the model at scales lower than the compactification scale at which

the unified structure emerges. As we will see in section 4, SO(10) is broken at those

scales to the Pati-Salam (PS) gauge group GPS = SU(2)L × SU(2)R × SU(4)c and inherits

– 2 –
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fi f
c
i h φ F F̄ F c F̄ c F ′

c F̄
′
c Xc Σ

SU(2)L 2 1 2 1 2 2 1 1 1 1 1 1

SU(2)R 1 2 2 1 1 1 2 2 2 2 3 1

SU(4)c 4 4̄ 1 15 4 4̄ 4̄ 4 4̄ 4 1 15

Z2 − − − − + + + + + + + +

RP − − + + − − − − + + + −

Table 1. Chiral field content and quantum numbers under GPS and Z2

two discrete symmetries, a parity Z2 and an R-parity RP , from the full unified model.

The chiral superfield content and the corresponding quantum numbers under the gauge

and discrete symmetries are summarized in table 1. The first block contains the Z2-odd

fields: the 3 light (in the unbroken Z2 limit) families (fi, f
c
i ), i = 1, 2, 3, the light Higgs

h, and the Z2-breaking field φ. The latter is assumed to be in the adjoint representation

of SU(4)c as this provides the Georgi-Jarlskog factor 3 needed to account for the µ–s

mass relation. The second block contains the messengers, in a single vectorlike family

(F,Fc)+(F̄ , F̄c). The third block contains the fields F ′
c +F̄ ′

c and Xc providing the necessary

breaking of the Pati-Salam group. Finally, the field Σ in the last column is needed to

communicate the SU(2)R breaking provided by F ′
c + F̄ ′

c to the messengers Fc + F̄c. The

up and down components of those messengers need in fact to be different in order to

account for mc/mt ≪ ms/mb. The field content is thus rather economical. We will

later add another few PS fields in order to preserve gauge coupling unification above MR

and to take care of singlet neutrino masses. As we will see, the MSSM 1-loop gauge

unification turns out to be exactly preserved. The decomposition of the fields in table 1

under the SM gauge group is the following (with hopefully self-explanatory notations):

F = (L,Q), F̄ = (L̄, Q̄), F c = (Lc, Qc), F̄ c = (L̄c, Q̄c), Lc = (N c, Ec), Qc = (U c,Dc),

L̄c = (N̄ c, Ēc), Q̄c = (Ū c, D̄c), φ = (Aφ, Tφ, T̄φ, Gφ), where Aφ is a singlet, Tφ ∼ (3, 1, 2/3),

T̄φ ∼ (3̄, 1,−2/3), Gφ ∼ (8, 1, 0) under SU(3)c × SU(2)L × U(1)Y (all fields are properly

normalized). Analogously for the other fields with the same quantum numbers under PS.

We also denote a 〈Xc〉 = MR σ3, 〈N ′
c〉 = Vc,

〈

N̄ ′
c

〉

= V̄c (|Vc| = |V̄c| in the supersymmetric

limit), 〈φ〉 = ML TB−L.

At this effective level, the model is characterized by two scales, MR and ML, with

MR > ML, corresponding to the masses of the right-handed and left-handed messengers.

The PS group is spontaneously broken to the SM group at the scale MR. Up to some

explicit mass terms, whose absence will be accounted for by the full theory in section 4,

the most general renormalizable superpotential for the fields in table 1 is

W = λif
c
i Fh+λc

ifiF
ch+αiφfiF̄+αc

iφf
c
i F̄

c+aF̄ cXcF
c+ σ̄cF̄

′
cΣF

c+σcF̄
cΣF ′

c +
MΣ

2
Σ2 . . . .

(2.1)

All the couplings are assumed to be O (1) and uncorrelated. The terms involving RP -even

fields only, providing the vevs of the fields F ′
c, F̄

′
c, Xc, φ along the SM invariant directions,

have been omitted, as they do not affect fermion masses directly. They will be discussed

in section 4. The Z2 conserving vevs lie near a single scale, MR, the scale of the right-

– 3 –
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handed messengers F c, F̄ c. The Z2-breaking vev of φ lies at the smaller scale ML, the

scale of the left-handed messengers F , F̄ . The hierarchy of SM fermion masses originates

from ǫ ≡ ML/MR ≪ 1. This means that the hierarchy among different family masses

originates from a hierarchy within a single family of messengers (which in turn is related

to the hierarchy between two PS-breaking vevs).

Non renormalizable terms in the superpotential involving vevs at the scale MR could

give rise (or not) to mass terms comparable with the scale ML. Such mass terms could be

relevant for the left-handed messengers F , F̄ , which do not get a mass at the scale MR.

In the context of the full model, such a mass term does not arise.1 We assume that the

Higgs field h remains massless. This will be also accounted for in the full model, in terms

of an R-symmetry.

In order to identify the light (massless in the unbroken EW symmetry limit) MSSM

fields, we plug the vevs in the superpotential in eq. (2.1). Since RP is not broken at this

level, the RP -even and RP -odd heavy fields do not mix, and we can restrict our analysis

to the RP -odd fields. We choose a basis in flavour space such that λ1,2 = α1,2 = 0,

λc
1 = αc

1 = 0. λ3, α3, λ
c
2,3, α

c
2,3, MR, v, Vc = V̄c can all be taken positive. The heavy mass

terms turn out to be

− Ēc [MRE
c −ML (αc

3e
c
3 + αc

2e
c
2)] − α3MLL̄l3 (2.3)

− D̄c

[

MRD
c +

ML

3
(αc

3d
c
3 + αc

2d
c
2)

]

+ α3
ML

3
Q̄q3 (2.4)

+ Ū c

[

MRU
c − σc√

2
VcT̄Σ − ML

3
(αc

3u
c
3 + αc

2u
c
2)

]

+ TΣ

[

MΣT̄Σ − σ̄c√
2
V̄cU

c

]

+
MΣ

2
G2

Σ (2.5)

+ N̄ c [MRNc +ML (αc
3n

c
3 + αc

2n
c
2)] +

√

3

8
σcVcN̄

cAΣ +

√

3

8
σ̄cV̄cN

cAΣ +
MΣ

2
A2

Σ. (2.6)

Because of the absence of L̄L and Q̄Q mass terms, L and Q remain massless, while l3 and

q3 get a mass together with L̄ and Q̄ from the vev of φ. The light lepton and quark doublets

are therefore l′3 = L, l′1,2 = l1,2, q
′
3 = Q, q′1,2 = q1,2 and the heavy ones are L′ = l3, Q

′ = q3,

L̄′ = L̄, Q̄′ = Q̄. The light SU(2)L singlets can be easily determined along the lines of [1].

The Z2-even fields Dc, U c, Ec all contain a small, O (ǫ) light component, except U c, whose

light component uc
2
′ can be further suppressed because of the mixing with the color triplets

TΣ, T̄Σ in Σ. A double ǫ suppression is obtained if

MΣM
2
R

MLV 2
c

= O (1) . (2.7)

This double suppression then explains why mc/mt ≪ ms/mb [1]. The implementation in

section 4 will indeed give MΣ ∼MR ∼ √
ǫVc.

2

The light fermion Yukawa matrices Y D, Y E, Y U (in right-left convention) are easily

determined expressing the superpotential in terms of the massless fields. At the leading

1This represents a difference with respect to [1], where such a mass term was assumed to be present and

to be along the B − L direction.
2In [1] it was instead assumed that Vc ∼ MR and MΣ ∼ ML.
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order in ǫ we find

Y D =







0 0 0

0 −αc
2λ

c
2ǫ/3 0

0 −αc
3λ

c
2ǫ/3 λ3






, Y E =







0 0 0

0 αc
2λ

c
2ǫ 0

0 αc
3λ

c
2ǫ λ3






,

Y U =







0 0 0

0 −(2/3)αc
2λ

c
2ρuǫ

2 0

0 −(2/3)αc
3λ

c
2ρuǫ

2 λ3






,

(2.8)

where ρu = (σcσ̄c)
−1(MΣM

2
R)/(MLV

2
c ) is an order one coefficient. The numerical

value of ǫ turns out to be ǫ ≈ 0.06λ3/(α
c
2λ

c
2), which implies ρu ≈ 1.9 (αc

2λ
c
2/λ3), indeed of

order one.

The model predicts the first family to be massless in the limit in which non-

renormalizable corrections to W are neglected and to be further suppressed by powers

of the cutoff once those corrections are taken into account. Unlike the second and third

families, the quantitative aspects related to the first family masses may need to be con-

trolled by some flavour dynamics. An example is given in section 4.7.

Neutrino masses will be discussed in the context of the full model in section 4.4.

To summarize, we illustrated a supersymmetric Pati-Salam model aiming at explaining

the fermion masses and mixings for the 2nd and 3rd family. This model arises as the low-

energy limit of a fully unified model in 5 dimensions, which will be presented in section 4.

The low energy effective limit of the full model is useful because it is simple, it contains

most of the features relevant for the phenomenology, and it does not depend on the detailed

implementation of the full unified model. The full model will also justify most of the

assumptions made in this section, which are:

• Besides the Pati-Salam gauge symmetry there are 2 discrete symmetries, Z2 and RP .

• All the allowed dimensionless couplings are present and are O (1); the structure and

the scales of the mass terms will be accounted for by the full model in terms of an

R-symmetry and a discrete Z24.

• Only the RP -even fields get a vev (the corresponding dynamics will be specified in

the full model).

• We have 4 mass scales MR, ML, MΣ, Vc satisfying the relations

MR ≫ML,
MΣM

2
R

MLV 2
c

= O (1) ,

which account for the mass hierarchy in the down-quark and charged lepton sector

and the up-quark sector respectively (these scales will be dynamically justified in the

full model).

– 5 –
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3 FCNC and LFV

In this section we discuss the implications of the effective model discussed in the previ-

ous section for Flavour Changing Neutral Current (FCNC) and Lepton Flavour Violation

(LFV) effects. Most of the conclusions are independent of the details of the full unified

implementation of the model and extend to the model in section 4.

In order to identify the peculiar effects associated to the basic ingredients of the model,

we assume the supersymmetric soft terms to be universal at a scale Mc > MR. More

precisely, we assume a common value for the gaugino masses, M1/2, for the sfermion masses,

m2
0, and for the trilinear terms, A0, at that scale. As for the Higgs soft masses, we consider

the possibility that they are independent, with an average value (m0
h)2 = (m2

HD
+m2

HU
)/2 =

m2
0 and a splitting 4m2

X = m2
HD

−m2
HU

. This is because their splitting m2
X can play an

important role when tan β is large3 [4] and because the connection of Higgs and sfermion

masses may not be straightforward [6, 7]. For definiteness, we will always take A0 = 0.

Motivated by the unified model of section 4, we take Mc as determined by the unification

condition (Mc ∼ 1016 GeV in the region of parameter space in which threshold effects are

favourable) and we also consider the limit m2
0 = m2

X = 0 in which the only sizable high-

energy parameter is the common gaugino mass and the low-energy scalar soft masses and

trilinear terms are generated by the RGE running.

3.1 The pattern of the RGE effects

The interactions of MSSM fields at energy much higher than the electroweak scale leave

their imprint on the sfermion soft masses through radiative effects. Well known examples

are the lepton flavour violating effects induced by see-saw [8] and GUT [9] interactions. In

the model described in the previous section, the MSSM fields interact with the left-handed

and right-handed flavour-messengers living at the scales ML and MR respectively. The

peculiar feature of our model is that the corresponding Yukawa interactions (with all the

three light families) are described by O (1) couplings, not constrained to be small by any

symmetry. We therefore expect the flavour-violating effects induced in the sfermion mass

matrices to be sizable.

In order to get an analytical understanding of the effects, we write the off-diagonal

sfermion mass terms induced by the extra-interactions at ML and MR in the leading loga-

rithm approximation. Also, we use the same basis in flavour space that leads to the textures

in eq. (2.8). The flavour-violating effects turn out to be quite different for right- and left-

handed sfermions. Let us start with the right-handed ones. The light eigenstates turn out

to be in the form f ′ci = f c
i − ǫ αc

i (B − L)F c, with ǫ ∼ 0.06 and i = 1, 2, 3. Therefore, their

soft mass matrix is given, in first approximation, by the soft mass matrix m̃2
fc for the three

3In this regime λt ≈ λb ∼ O(1) and the RGEs for m2
HD

and m2
HU

are similar. If m2
HD

= m2
HU

to

start with, it is difficult to have at the same time m2
HU

+ µ2 negative enough to break the electroweak

gauge symmetry and m2
HD

+ µ2 positive enough so that the squared pseudoscalar Higgs mass is positive.

The splitting mX between the two Higgs soft terms can be given by additional contributions to the soft

SUSY breaking scalar masses arising from the D-terms associated with the broken diagonal generators.

These contributions are generated whenever the soft SUSY-breaking masses of the fields whose vacuum

expectation values reduce the rank of the group are different [5].

– 6 –
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fields f c
i . eq. (2.1) shows that the latter have two sizable flavour-dependent interactions,

the one with the left-handed messengers, λif
c
i Fh, and the one with the right-handed ones,

αc
iφf

c
i F̄

c. In the leading logarithm approximation, the right-handed sfermion mass matrix

is given by

(m̃2
fc)ij = m2

0δij +
1

(4π)2

[

(

21g2M2
1/2δij − 12λiλjm

2
0

)

log
Mc

ML
− 45

4
αc

iα
c
jm

2
0 log

Mc

MR

]

(3.1)

at the scale ML (below that the running is the same as in the MSSM).

In the basis of eq. (2.8), in which the fermions are almost diagonal, we have λ1 = λ2 = 0,

so that the left-handed messengers split the third sfermion mass from the first two but do

not induce off-diagonal terms. On the other hand, we expect αc
2 ∼ αc

3 6= 0, so that

the interaction with right-handed messengers will give sizable off-diagonal “2-3” terms.

Numerically, we expect δc
23 = (m̃2

fc
)23/m

2
0 = O

(

10−1
)

.

Things are different for the left-handed sfermions. The light eigenstates are essentially

f ′3 = F , f ′1,2 = f1,2. Therefore, mixed 2-3 terms cannot be generated above the Z2 breaking

scale ML. Hence, we expect the off-diagonal “2-3” element of the left-handed sfermion mass

matrices to be smaller than in the case of right-handed sfermions. A non-negligible value

can be generated through the non-universal A-terms, in turn generated (at the next to

leading logarithm level) by the running.

The large high-scale Yukawa couplings also have an important effect on the diagonal

terms of the scalar masses: both the second and the third family masses receive significant

contributions. The third family mass would be anyway split by the MSSM running as an

effect of the large third family Yukawas. The splitting of the first two families is instead

more peculiar and might induce potentially large FCNC and LFV effects in the “1-2” sector,

once the fermion mass matrices are diagonalized in order to go to the so-called SCKM basis.

As a consequence, the pattern of the Yukawa entries involving the first family turns out

to be constrained, as we will discuss in section 4.7. Summarizing, in the basis leading to

eq. (2.8), the slepton soft masses at ML are in the form

m2
RR =







(m2
ẽc)11 0 0

0 (m2
ẽc)22 (m2

ẽc)23
0 (m2

ẽc)23 (m2
ẽc)33






, m2

LL =







(m2
l̃
)11 0 0

0 (m2
l̃
)22 0

0 0 m2
L̃






. (3.2)

The running between Mc and ML gives (m2
ẽc)11 > (m2

ẽc)22 > (m2
ẽc)33 and (m2

l̃
)11 >

(m2
l̃
)22 > m2

L̃
. The full 1-loop RGEs can be found in the appendix.

3.2 Numerical analysis

Exact expressions have been used to compute the branching ratios of LFV decays, BR(li →
lj γ) [10], and the SUSY contribution to the anomalous magnetic moment of the muon,

aµ = (g − 2)µ/2 [11]. The SUSY contributions to Bd,s → µµ are estimated by using

the formulas in [12]. The branching ratio BR(b → s γ) is computed using the routine

SusyBSG [13]. The meson mass splittings (∆mK , ∆mD, ∆mB, ∆mBs) are used to constrain

the SUSY parameter space. The FCNC processes we have studied and the corresponding

experimental measurements or bounds are summarized in table 2.

– 7 –
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Observable Bound ref.

BR(µ → eγ) < 1.2 × 10−11 [14]

BR(τ → µγ) < 6.8 × 10−8 [15]

BR(τ → eγ) < 1.1 × 10−7 [16]

BR(b→ sγ) 2.77 × 10−4 − 4.33 × 10−4 (3σ) [17]

BR(Bs → µµ) < 4.7 × 10−8 [18]

(∆mBs)
susy < 4.6 ps−1 (2σ) [19]

δasusy
µ 126 × 10−11 − 478 × 10−11 (2σ) [20]

Table 2. Experimental bounds used in the numerical analysis.

The numerical analysis has been performed by solving the full 1-loop RGEs of the

model from the universality scale Mc to ML and the MSSM RGEs from ML to Msusy ≡
√
mt̃1

mt̃2
. The high-scale Yukawas are fixed by requiring a good fit of fermion masses

and mixings at MZ . The high-energy parameters which cannot be unambiguously set by

low-energy data are chosen to be 1. After the running, the soft mass matrices and A-terms

are rotated to the SCKM basis, in which the spectrum and the flavour observables are

computed. For each point of the SUSY parameter space, we check that the electroweak

symmetry breaking does take place and no tachyonic particles arise. Moreover, to be

conservative, we require that the Lightest Supersymmetric Particle (LSP) is the lightest

neutralino. Limits on the Higgs and SUSY particles masses from the direct searches at

LEP are also imposed.

We consider two different regimes:

• Large tan β, as determined by top-bottom unification at MR. This is the predic-

tion of the minimal model in section 2. We take mX = 700GeV in this case (see

discussion above).

• A lower value of tanβ, which can be easily obtained in the presence of a mixing in

the Higgs sector. We will present the results for the case tan β = 40, mX = 0.

In figure 1 we present the prediction for BR(τ → µγ) in the (m0, M1/2) plane in the first

case. The parameter space is constrained by the requirement of a neutral LSP, by the

LEP bound on the Higgs mass, and by BR(Bs → µµ). The latter bound has a significant

dependence on the value of mX . In the small mX limit, in fact, a light CP-odd Higgs

enhances the Higgs-mediated contribution4 to BR(Bs → µµ), especially in the large m0,

moderate M1/2 region. Larger values of mX increase mA, thus alleviating the bound

from Bs → µµ.

The present limit BR(τ → µγ) . 6.8 · 10−8 only gives a weak constraint on the

parameter space, (m0, M1/2) . 1 TeV. A Super B-Factory able to reach a sensitivity of

10−9 [21] would test a large portion of the parameter space shown. The black line in figure 1

corresponds to δasusy
µ = 126 ·10−11. In the region below the black line, the supersymmetric

4See [12] and references therein.
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Figure 1. Result for BR(τ → µ γ) in the (m0, M1/2) plane for tanβ ≈ 53, as determined by

top-bottom Yukawa unification, m0
h = m0 and mX = 700 GeV. The black line corresponds to a

SUSY contribution to δasusy
µ = 126 · 10−11.

contribution to the muon magnetic moment would reduce the present tension [20] between

the experimental measurement of the muon magnetic moment and the SM prediction below

the 2σ level.

In figure 2 we show contour plots of the lightest stop and gluino masses, for the same

choice of the parameters in figure 1. Comparing figure 2 with figure 1, we see that, for the

case considered here, a Super B-factory bound BR(τ → µγ) . 10−9 would be able to test

almost completely the parameter space for SUSY masses within the LHC reach.

In figure 3 the results for the tan β = 40, mX = 0 case are shown for m0
h = m0. In

this case the parameter space is much less constrained. The low M1/2 region is excluded

by LEP direct searches for SUSY particles, while b → s γ and Bs → µµ constrain the low

m0, low M1/2 regime. The present limit on BR(τ → µγ) does not give rise to additional

constraints and the Super B-factory sensitivity should test the parameter space up to

(m0, M1/2) ∼ 1TeV. The (g − 2)µ result favours in this case a region almost completely

within the reach of the Super B-factory.

As previously mentioned, some of the high-energy Yukawas are not determined by the

fit of the fermion masses and mixings and have been fixed to O (1) values. In order to show

the impact of those O (1) parameters on BR(τ → µγ), we display in figure 4 a scatter

plot where all the unknown Yukawas are independently varied between 0.5 and 1.5. We

consider in this case “gaugino-mediation” boundary conditions with m0 = mX = 0. The

figure shows that the O (1) parameters can conspire to enhance BR(τ → µγ) by up to one

order of magnitude.
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Figure 2. Contour plot for the gluino (blue, dashed lines) and the lightest stop (red, solid lines)

masses, for the same choice of parameters as in figure 1.

Figure 3. Same as figure 1 for the case with tanβ = 40, m0
h = m0 and mX = 0.

The WMAP constrain on the dark matter relic density [22] can also be accounted

for by a neutralino thermal relic within this model. Two examples of parameter space
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Figure 4. BR(τ → µ γ) vs M1/2 for tanβ = 40 and “gaugino-mediation”-inspired boundary

conditions (m0 = m0
h = mX = 0). The unknown O (1) couplings are randomly varied between 0.5

and 1.5. Horizontal lines represent the present bound (6.8 × 10−8) and the future limit (10−9) on

BR(τ → µ γ).

Point tan β m0 m0
h mX M1/2

A 53 650 650 700 1400

B 40 0 0 0 850

Table 3. Two points of the parameter space accounting for the dark matter relic density. The

masses are expressed in GeV.

points leading to the correct density are exhibited in table 3. Point A is an example of

the unified top-bottom Yukawa regime, point B is an example of the tanβ = 40 case,

with gaugino-mediation boundary conditions. For point A, the WMAP bound on cold

dark matter is satisfied by stau-neutralino co-annihilation [23]. In the case of point B

the correct relic density is given by the LSP annihilation through the CP-odd Higgs s-

channel exchange [24]. In table 4 we show the corresponding SUSY and Higgs spectrum,

the predictions for the b → s γ branching ratio, the SUSY contribution to the magnetic

moment of the muon δasusy
µ , τ → µγ branching ratio and the DM relic density ΩDM h2,

which has been computed using the routine micrOMEGAs [25]. For both points LHC should

observe several SUSY particles, even if the spectrum of point A is heavier. Both points

give a BR(τ → µγ) within the sensitivity of the proposed Super B-factory, while point B

gives a better agreement with (g − 2)µ.
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mt̃1
mg̃ mτ̃1

mχ̃0

1

mh mA BR(b → s γ) δasusy
µ BR(τ → µ γ) ΩDM h2

A 1291 1661 360 339 119 1000 3.15 × 10−3 105 × 10−11 2.4 × 10−8 0.095

B 723 1023 243 202 117 353 3.16 × 10−3 316 × 10−11 4 × 10−9 0.106

Table 4. Spectrum and predictions for the two parameter space points in table 3. The masses are

expressed in GeV.

Finally, let us comment on possible LFV effects at the LHC. In the moderate tan β

case, the structure of the radiative contributions in eq. (3.1) is particularly interesting in

this respect: m̃2
ij = m2

0δij +σcijm
2
0, where cij is a matrix with O (1) entries and σ accounts

for all the rest, including the loop factors (in the large tan β case, the bottom Yukawa

radiative contributions to c33 dominate the matrix cij and the mixing angle typically turns

out to be too small to give rise to measurable effects). The interesting feature is that this

structure gives rise to large mixing between the second and third family independently of

how small σ is. This might give large effects in τ → µγ transitions. However, by making

σ small these effects can be kept under control. Still, the LFV effects at colliders do not

get suppressed, as long as |m̃2 − m̃3| & Γ [26], where Γ is the slepton width, because the

mixing angle remains large in the σ → 0 limit. Note that collider and low energy effects

(BR(τ → µγ))are complementary, as the former are interesting when tan β is not too large,

while the latter are enhanced in the large tanβ regime.

Let us summarize this section. We studied the predictions of the flavor model of

section 2 for FCNC and LFV effects. For this, we assumed universal soft SUSY-breaking

terms at a high scale Mc > MR, which will be identified with the compactification scale

of the full 5D model. We studied the RG evolution of the parameters to low energy for

two different regimes of tan β. The comparison with low-energy data (fermion masses and

mixings) gives constraints on some of the Superpotential couplings, which are of O (1) as

expected. All couplings which are not fixed by data are assumed to be O (1). We find the

following results:

• in the large tan β regime (tan β = 53), the present limit on BR(τ → µγ) gives

only weak constraints on the SUSY parameter space, (m0, M1/2) ∼ 1TeV, while

the expected sensitivity of a Super B-Factory could probe almost completely the

parameter space for SUSY masses within the LHC reach;

• for a lower value of tanβ = 40, the parameter space is presently unconstrained and

will be tested by future experiments up to (m0, M1/2) ∼ 1TeV.

4 An SO(10) embedding in 5 dimensions

We now embed the PS model illustrated in section 2 in a five-dimensional, supersymmetric,

SO(10) model. What follows is not the only possible embedding in a 5D unified model and

as such it should be considered as a proof of existence of a unified version of the model.

The benefits of considering unification in the presence of one or more extra-dimension

with an inverse size of the order of the Grand Unification Theory (GUT) scale are well
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known and include an easy implementation of doublet-triplet splitting and the suppression

of dimension five operators contribution to proton decay [27, 28]. In our case, the presence

of the fifth dimension is welcome also because it provides more freedom on the light field

spectrum, which in turn helps maintaining (and in some case improving) the successful

αs prediction in the MSSM. The use of SO(10) is dictated by the need of having PS as a

subgroup. Earlier work on SO(10) in five dimensions can be found in [29].

The fifth dimension is compactified on a S1/(Z2×Z ′
2) orbifold. SO(10) is broken toGPS

on the y = πR/2 brane and unbroken on the y = 0 brane (R is the compactification radius,

y the coordinate on the fifth dimension, y ∼ y+2πR, y ∼ −y, y′ ∼ −y′, y′ = y+πR/2). The

4D N = 2 supersymmetry is broken to N = 1 supersymmetry on both the four-dimensional

branes. The Z2 parities relate the values of the fields as follows: Φ(x, y) = PΦ(x,−y),
Φ(x, y′) = P ′Φ(x,−y′), where P 2 = P ′2 = 1. In an appropriate basis, each field Φ can be

classified by its eigenvalues (±1,±1) under (P,P ′). The expansion in Kaluza-Klein (KK)

modes is then

Φ++(x, y) =

√

4

πR

∞
∑

n=0

1

(
√

2)δn,0
Φ

(2n)
++ (x) cos

2ny

R
(4.1a)

Φ+−(x, y) =

√

4

πR

∞
∑

n=0

Φ
(2n+1)
+− (x) cos

(2n + 1)y

R
(4.1b)

Φ−+(x, y) =

√

4

πR

∞
∑

n=0

Φ
(2n+1)
−+ (x) sin

(2n + 1)y

R
(4.1c)

Φ−−(x, y) =

√

4

πR

∞
∑

n=0

Φ
(2n+2)
−− (x) sin

(2n + 2)y

R
. (4.1d)

As usual, only Φ++ and Φ+− (Φ++ and Φ−+) are possibly non-vanishing at the y = 0

(y = πR/2) brane and only Φ++ has a massless zero mode.

The supersymmetric structure can be formulated in terms of the superfield language

of the unbroken four-dimensional N = 1 supersymmetry. The 5D vector multiplet consists

of a vector and a chiral multiplet, V and Φ, while the 5D hypermultiplet decomposes into

two chiral multiplets in conjugate representations, say H and H̃. The orbifold parities of

the vector multiplet components can be chosen in such a way that V = V PS
++ + V

SO(10)/PS
+− ,

Φ = ΦPS
−−+Φ

SO(10)/PS
−+ . SO(10) is thus unbroken at y = 0 (the “SO(10) brane”) and broken

to PS at y = πR/2 (the “PS brane”), and N = 2 supersymmetry is broken to N = 1 on

both branes, as anticipated. Let us now consider a bulk SO(10) hypermultiplet (H, H̃). In

most cases H and H̃ split into two PS components H = H1 +H2, H̃ = H̃1 + H̃2. Let H1

be the “++” mode, H1 = (H1)++. The relative orbifold parities are then dictated by the

invariance of the bulk action: H2 = (H2)+−, H̃1 = (H̃1)−−, H̃2 = (H̃2)−+. All the degrees

of freedom of the vector multiplet but the PS gauge bosons and gauginos get mass at the

compactification scale Mc ≡ 1/R or higher. Some of the fields in the effective model of

section 2 are embedded in bulk fields. In this case, they correspond to the “++” (zero)

modes of those fields. All the other degrees of freedom of those bulk fields get a mass at

the scale 1/R or higher. The fields heavier than the compactification scale can be ignored
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ψi ψ
′ ψ̄′ F Fc F̄ F̄c h φ Sj F ′

c F̄ ′
c Xc Σ

Localization SO(10) bulk PS

Gauge repr 16 16 16 16 16 16 16 10 45 1 (1, 2, 4̄) (1, 2, 4) (1, 3, 1) (1, 1, 15)

U(1)R 1 0 0 1 1 1 1 0 0 1 0 0 0 1

Z24 −7 9 1 −6 −6 −6 −6 −11 −11 6 2 2 12 4

Table 5. Embedding of the fields in table 1 in the 5D SO(10) model (i, j = 1, 2, 3), localization in

the fifth dimension and quantum numbers under the relevant symmetries.

Φ Y10 Y ′
10 H H6 θ

± Θ± YPS Y
′
PS xc x Ω

Localization SO(10) bulk PS

Gauge repr 45 1 1 10 10 1 1 1 1 (1, 3, 1) (3, 1, 1) (2, 2, 6)

U(1)R 2 2 2 2 2 0 0 2 2 2 1 0

Z24 −10 −10 0 2 1 ±3 ∓2 −4 0 3 3 −9

Table 6. Additional fields involved in different aspects of the 5D SO(10) model

in first approximation. They will be discussed in the context of gauge coupling unification.

Let us now come to the embedding of the effective model of section 2. The PS vector

fields are identified with the zero modes of V PS
++. The fields in table 1 are embedded in the

fields in table 5. The fields fi and f c
i , i = 1, 2, 3, making up the three MSSM families in

the unbroken Z2 limit, become the three ψi on the SO(10) brane. The successful SO(10)

predictions of the SM fermion gauge quantum numbers is therefore maintained. The Higgs

h, the Z2 breaking field φ, and the messengers F , Fc, F̄ , F̄c become the zero modes of

the ++ component of the corresponding bulk fields (with an abuse of notation we denote

the bulk field by the symbol that would be used for its zero mode component). The PS-

breaking fields F ′
c, F̄

′
c, Xc, and the SU(2)R-breaking messenger field Σ live on the PS brane.

The spectrum in table 5 also includes 3 bulk singlets Sj, j = 1, 2, 3, and the ψ′ + ψ̄′ on the

SO(10) brane. The latter fields play a role in the neutrino sector.

We aim at exhibiting a full model taking care of the vevs used in the generation of the

flavour structure, among the other things. The fields involved in those (implementation-

dependent) “side” aspects of the model are listed in table 6. Some of them are needed,

as mentioned, to generate the necessary vevs (the singlets, essentially), some to get a field

content able to preserve an MSSM 1-loop unification all the way up to the unification

scale [30] (H6, xc, x, Ω), some to avoid unwanted Goldstones and to set each field at the

appropriate scale.

Tables 5 and 6 show the U(1)R assignment of the fields. The U(1)R symmetry we

are considering is not directly related to the bulk SU(2)R symmetry characterizing 5D

supersymmetry. The latter is broken to a U(1)′R by boundary conditions and can easily be

strongly broken spontaneously. The former R-symmetry contains the R-parity symmetry
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RP used in section 2.5 It will play a role in suppressing proton decay and naturally explains

why the MSSM Higgs fields stay light [27]. The discrete Z24 symmetry is used to constrain

the superpotential and contains the Z2 of section 2, to which it is spontaneously broken

above the scale MR (Z2 is broken as needed to reproduce the results in section 2).

4.1 The strong coupling order parameter

Two nice features of the model we are proposing are the possibility to relate the O (1)

parameters to strong couplings and the fact that some of the order parameters (all ex-

cept two, as we will see) are identified with hierarchies among strong couplings involving

different types of fields. In order to show this, we first introduce properly normalized,

dimensionless fields.

We assume that the theory approaches a strongly interacting regime at the cutoff scale

Λ. Naive dimensional analysis (NDA) suggests to write the action in terms of normalized

derivatives ∂̂ = ∂/Λ and of dimensionless chiral and vector superfields φ̂, V̂ , related to the

canonically normalized fields φ, V by

φ4 = φ̂4

(

Λ2

l4

)1/2

, φ5 = φ̂5

(

Λ3

l5

)1/2

, V4 = V̂4

(

Λ2

lV4

)1/2

, V5 = V̂5

(

Λ3

lV5

)1/2

, (4.2)

where the index 4 (5) denotes brane (bulk) fields. When expressed in terms of the dimen-

sionless fields above, the brane superpotential acquires the form

Wbrane(φi) =
Λ3

l4
Ŵ (φ̂i), (4.3)

where Ŵ does not contain dimensionful parameters and its expansion is expected to involve

O (1) coefficients [31].6

The values of the dimensionless coefficients l
(V )
4,5 leading to O (1) coefficients in Ŵ

(defined of course themselves up to O (1) factors) depend on the theory under consideration

and may be different for different fields. The guideline provided by NDA is that lD is just the

loop factor in D dimensions: lD = (4π)D/2Γ(D/2). In our case, we will use the same factor

l4 (l5) for all the chiral brane (bulk) superfields (superpotential couplings), while we keep

the possibility of having a different normalization for the vector fields (gauge couplings).

This is because the gauge couplings are qualitatively different in that the coefficients of

the gauge loop expansion grow with the number of charged matter fields. With the field

content in the tables 5 and 6, we expect lV to be smaller by a factor O (5) [32].

Whatever are the precise values of the coefficients l
(V )
4,5 , the important point for our

purposes is that they lead to small hierarchies that contribute to account for the fermion

mass hierarchies [33]. In practice, the relevant order parameter turns out to be

λ ≡ 1/l
1/4
4 ≈ 0.24 ≈

√
ǫ. (4.4)

5The U(1)R could for example be broken together with supersymmetry down to an R-parity if the

superfield breaking supersymmetry has R = 0.
6Note that the derivation in [31] assumes an infinite extra-dimension. See [32] for a more detailed

approach.
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The numerical value is compatible with the NDA prediction for l4. However, it is actually

chosen in order to be able to best fit the numerical values in the following. The reason

why this is the relevant parameter is that it enters the expected values of mass terms, as

we now see. When written in terms of the dimensionless fields, the mass terms in Ŵ will

be dimensionless numbers, say η. In the strong coupling regime, we expect η = O (1), but

smaller values are of course allowed. In terms of canonically normalized fields, the mass

term shows a dependence on λ:

M ∼ η λnBΛ, (4.5)

where nB is the number of bulk fields involved in the mass term (nB = 0, 1, 2). In order to

understand the above formula, one should first note that a term in Ŵ involving nB bulk

fields and nb brane fields will give rise in this strong coupling regime to an effective 4D

coupling g of order

g ∼
(

2l5
πRΛ

)nB/2

l
nb/2−1
4 (4.6)

(we neglect the running, which can be significant). The effective model in section 2 as-

sumes the couplings to be O (1). Because it will turn out that those couplings come from

interactions involving nB = 2 bulk and nb = 1 brane fields, we can write 2l5/(πRΛ) as

l
1/2
4 = 1/λ2, up to O (1) factors. This is why only the λ parameter enters eq. (4.5). Also,

this allows to relate ΛR to l4,5. Assuming that l5 is such that 2l5/π ∼ 100, we have ΛR ∼ 5.

We can check the consistency of the numbers estimating the size of the gauge couplings at

the cutoff scale. This is determined by l5/l
V
5 ∼ 5, which gives g2

4D(Λ) ∼ lV5 /(λ
2l5) ∼ 3.5,

which is close to the (radiatively enhanced) value of g2
4D we find in section 4.5.

4.2 Brane superpotentials

The (normalized) superpotentials on the SO(10) and PS branes are

ŴSO(10),PS = Ŵ flav
SO(10),PS + Ŵ vevs

SO(10),PS + Ŵmass
SO(10),PS. (4.7)

The Ŵ flav
SO(10),PS parts are directly related to the superpotential in eq. (2.1) and therefore

to the SM flavour structure. They are (keeping only “++” components of bulk fields)

Ŵ flav
SO(10) = λiψ̂iF̂ ĥ+ λc

i ψ̂iF̂cĥ+ αiψ̂i
ˆ̄Fφ̂+ αc

i ψ̂i
ˆ̄Fcφ̂+ aij

ˆ̄ψ′Ŝiψ̂j, (4.8a)

Ŵ flav
PS = a ˆ̄FcX̂cF̂c + σ̄c

ˆ̄F ′
cΣ̂F̂c + σc

ˆ̄FcΣ̂F̂
′
c + b

F̂ ′
cX̂cF̂

′
c

2
Σ̂2 + bi

ˆ̄F ′
cŜiF̂cΘ̂+ + ci

ˆ̄FcŜiF̂
′
cΘ̂+.

(4.8b)

The last terms affect the singlet neutrino mass matrix. All couplings are O (1), as pre-

dicted by the strong coupling assumption. Despite the same notation, they are not exactly

the same as the corresponding parameters in eq. (2.1), but the difference is an irrelevant

O (1) factor.

Some of the R = 0 fields in the superpotentials above get a vev due to (here and below

we omit O (1) coefficients)

Ŵ vevs
SO(10) = Ŷ10

(

ˆ̄ψ′ψ′ − θ̂2
+Θ̂2

−

)

+ Ŷ ′
10

(

θ̂+θ̂− − ǫ210

)

+ ˆ̄ψ′Φ̂ ψ̂′ + θ̂−φ̂ Φ̂, (4.9a)

Ŵ vevs
PS = ŶPS

(

ˆ̄F ′
cF̂

′
c − Θ̂2

−

)

+ Ŷ ′
PS

(

Θ̂+Θ̂− − ǫ2PS

)

+ θ̂−Θ̂2
+

ˆ̄F ′
c x̂cF̂

′
c + θ̂+Θ̂3

−x̂c X̂c. (4.9b)
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The superpotentials above contain two anomalously small coefficients ǫPS ∼ λ and ǫ10 ∼ λ2

characterizing the PS and SO(10) branes respectively. Together with the dynamically

generated λ, ǫPS and ǫ10 are the seeds of the fermion hierarchies. It is tempting to generate

dynamically ǫPS and ǫ10 in terms of λ, but this is beyond the scope of this paper. Another

aspect of the model that is left to further investigation is the suppression of the mass term

arising from the vev of the SU(2)R-triplet component of φ in eq. (4.8). This suppression

is necessary in order to preserve the mµ/ms ratio obtained in section 2. The F -term

equations give

〈

Θ̂±

〉

∼
〈

F̂ ′
c

〉

∼
〈 ˆ̄F ′

c

〉

∼
〈

X̂c

〉

∼ λ,
〈

θ̂±
〉

∼ λ2,
〈

ψ̂′
〉

∼
〈 ˆ̄ψ′
〉

∼ λ3,
〈

φ̂
〉

∼ λ4.

(4.10)

Finally, we need to provide mass terms for some otherwise light fields. These are

provided by

Ŵmass
PS = θ̂−Θ̂+

ˆ̄F ′
c
ˆ̄F ′
cĤ6 + θ̂−Θ̂+F̂

′
cF̂

′
cĤ6 +

Θ̂3
+

2
x̂2 + ψ̂′ψ̂′ĤΘ̂2

− + ˆ̄ψ′ ˆ̄ψ′ĤΘ̂2
+. (4.11)

Also relevant are two operators involving fields with no zero mode. The bulk field we

denoted by φ is an hypermultiplet corresponding to 4 PS bulk fields with different orbifold

parities: (φPS)++, the field whose zero mode enters eq. (2.1), (φ226)+−, its SO(10) com-

plement, and the conjugated fields (φ̃PS)−− and (φ̃226)−+. The operators (φ226)+− and

(φ̃226)−+ have no zero mode but they are relevant for our purposes. They appear in fact in

the following two operators: Ω̂Θ̂+( ˆ̃φ226)−+, on the PS brane, and Φ̂226θ̂−(φ̂226)+−, on the

SO(10) brane. When integrating out the heavy (φ̃226)−+, (φ226)+− fields, one obtains the

operator Θ̂+θ̂−Ω̂Φ̂226, involving fields from two different branes.7 The latter gives a mass

term at the scale MR coupling the fields Ω and Φ226.

4.3 Scales, spectrum, and unification

We now illustrate the spectrum we obtain for the heavy fields and in particular we relate

the scales MR and ML of the right- and left-handed messengers defined in section 2 to the

cutoff Λ. In order to do that, we make an extensive use of eq. (4.5).

We take Λ ≈ 1017 GeV. The right-handed messengers in Fc, F̄c, as well as Σ, get

a mass

O
(

λ3Λ
)

∼ 2 · 1015 GeV ≡MR. (4.12)

The up quark sector involves a mixed mass term arising from the vevs of F ′
c, F̄

′
c, which

is enhanced by a factor 1/λ, Vc ∼ MR/λ ≈ MR/
√
ǫ. As discussed in section 2, such an

enhancement accounts for the smallness of mc/mt (and will give a threshold correction

to gauge coupling unification). The masses MR and Vc are different despite they arise

from dimensionless vevs of the same order because the corresponding mass terms contain

a different number of bulk fields, in agreement with eq. (4.5).

7Let b10
i , i = 1 . . . h be SO(10) brane fields, bPS

j , j = 1 . . . k be PS brane fields and B be a bulk field.

After integrating out the heavy bulk fields, the operators a10b̂
10
1 . . . b̂10

h B̂(+,−) and aPSb̂PS
1 . . . b̂PS

k
ˆ̃B(−+) on

the two branes give rise to the effective interaction a10aPSb̂10
1 . . . b̂10

h b̂PS
1 . . . b̂PS

k .
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Once Z2 is broken by the vev of φ, the messengers and the would be light families get

mixed by a mass term

O
(

λ5Λ
)

∼ 3 · 1014 GeV ≡ML, (4.13)

so that ǫ = ML/MR ≈ λ2 ≈ 0.06. The two mass terms mixing the singlets Si with Nc and

nc
i are both O (λMR), half way between ML and MR.

Below the compactification scale Mc = 1/R, SO(10) is broken to PS and the spectrum

is made of the PS vector fields, the brane fields, and the zero modes of the bulk fields in

the tables 5 and 6. It is interesting (although in part cooked up) that this constitutes a

retarding PS “magic” field content, with the terminology of [30]. This means that such

a field content would exactly preserve (but delay to a higher GUT scale) a MSSM 1-loop

gauge coupling unification, despite the field content does not correspond to a complete

SU(5) representation. A systematic study of such “magic” field contents can be found

in [30]. We will make extensive use of such contents in the following.

Let us now consider the situation below the scale MR, where the PS group is broken

to the SM one and the right-handed messengers decouple. The (non-singlet) fields are:

the SM fields; the left-messengers L̄L + Q̄Q; 2 right-handed lepton-like components (and

their conjugates) in xc and F ′
c,F̄

′
c; 2 right-handed down quark-like components (and their

conjugates) inH6 and F ′
c,F̄

′
c; linear combinations of the up quark-like and singlet lepton-like

components in φ and ψ′ (and their conjugates); linear combination of the quark-doublet

like components in φ and Ω (and their conjugates); the fields contained in the 5 and 5̄

SU(5) components of ψ̄′, ψ′ and H. What matters for our purposes is that this also turns

out to be a magic field content, with equal contributions to all beta-function coefficients,

and thus it is not changing the unification scale.

Below ML, only the SM fields (and possibly a set of full SU(5) multiplets) are supposed

to survive. This needs O (ML) U(1)R-breaking mass terms for the linear combinations

involving ψ′, φ and Ω mentioned above, which constitutes a full 10 and 10 of SU(5). It is

not difficult to arrange a superpotential involving a R = 2 singlet getting a vev at the scale

O (ML) = O
(

λ5Λ
)

.

To summarize, we have the following scales: Λ ≈ MGUT ≈ 1017 GeV, Mc = 1/R ≈
2 · 1016 GeV, MR ≈ λ3Λ ≈ 2 · 1015 GeV, ML ≈ λ5Λ ≈ 3 · 1014 GeV and a magic field set

from Λ down to the electroweak scale except for a small threshold.

4.4 Neutrinos

The light neutrino mass matrix originates from the NR operator hij(l
′
ihu)(l′jhu)/(2ΛL),

where l′1,2,3 are the three light lepton doublet mass eigenstates: mν
ij = hijv

2
u/ΛL. The

coefficients hij/ΛL are obtained by integrating out the RP -odd heavy singlet neutrinos.

We aim at obtaining a large atmospheric angle θ23, the atmospheric squared mass

difference ∆m2
23 at the correct scale, and the suppression of the solar squared mass dif-

ference ∆m2
12 (in the context of normal hierarchical neutrinos) and of the θ13 angle. Pre-

viously [1], the large atmospheric angle and the ∆m2
12/∆m

2
23 suppression were obtained

essentially through the single right-handed neutrino dominance mechanism. In fact, the

whole idea underlying this flavour model, based on the exchange of a single family of flavour
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messengers, can be considered as an extension of that mechanism. In order to reproduce

the single right-handed neutrino dominance mechanism, the left-handed messengers should

have a mass term at the ML scale (along the B−L direction). Here, we prefer to consider

the more economical option in which a such term does not arise or arises at a lower scale.

This is interesting also because the large atmospheric mixing arises through a different,

unusual mechanism, as we are now going to see.

In our model, the singlet neutrinos taking part to the see-saw are more numerous than

the usual 3. There are in fact 9 RP -odd singlet neutrino fields in the model. These are the

usual three right-handed neutrinos nc
i , the SU(2)R partners of the SM right-handed charged

fermions eci . In addition, there are N c, N̄ c, 8 AΣ, and three gauge singlets Si (additional

singlets do not play a role as they have different RP , do not mix with the previous ones,

and are not relevant for light neutrino masses). The heavy singlet neutrino mass terms are

given by −(N c, N̄ c, AΣ, n
c
i , Sk)

TMs(N
c, N̄ c, AΣ, n

c
j , Sh)/2, where

Ms =



















0 MR

√

3
8 σ̄cV̄c 0 bhMSN

MR 0
√

3
8σcVc αc

jv chMSN
√

3
8 σ̄cV̄c

√

3
8σcV

c MΣ 0 0

0 αc
iv 0 0 aihMSn

bkMSN ckMSN 0 akjMSn 0



















(4.14)

and the light neutrino mass operator is

hij

2ΛL

(

l′ihu

) (

l′jhu

)

=
1

2

[

(

M−1
s

)

NcNc

(

λc
2l

′
2

)2

+
(

M−1
s

)

nc
3nc

3

(

λ3l
′
3

)2
+ 2

(

M−1
s

)

Ncnc
3

(

λc
2l

′
2

) (

λ3l
′
3

)

]

h2
u, (4.15)

so that

mν = v2
u







0 0 0

0 (λc
2)

2(M−1
s )NcNc λc

2λ3(M
−1
s )Ncnc

3

0 λc
2λ3(M

−1
s )Ncnc

3
λ2

3(M
−1
s )nc

3nc
3






. (4.16)

The entries in the first row and column, accounting for the solar and θ13 mixing angles,

will be generated, as in the case of charged fermion masses, by higher order operators,

possibly controlled by a flavour symmetry. In eq. (4.14) the entries set to zero arise at a

negligible level.

In order to get a large atmospheric mixing angle from eq. (4.16), we need (M−1
s )NcNc ∼

(M−1
s )Ncnc ∼ (M−1

s )ncnc and in order to obtain the (mild) hierarchy between the solar and

atmospheric squared mass differences, we need the determinant (M−1
s )NcNc(M−1

s )ncnc −
(M−1

s )2Ncnc to be suppressed. This can be obtained if MSN ∼MSn > ML, in which case

(M−1
s )NcNc ∼ (M−1

s )Ncnc
3
∼ (M−1

s )nc
3nc

3
∼ 1

2MR
(4.18)

8It is sufficient to consider only the KK zero-modes of Nc and N̄c, because their mass terms arise purely

from the PS brane. That means that higher KK mode pairs (++,−−)n>0 and (+−,−+)n≥0 decouple from

the other fields, because one member of these pairs vanishes at the PS brane and has therefore only a heavy

mass term with its partner.
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(M−1
s )NcNc(M−1

s )nc
3nc

3
− (M−1

s )2Ncnc
3
∼ M2

R

V 2
c

(M−1
s )2NcNc . (4.19)

This is indeed what our model gives: MSN ∼ MSn ∼ λMR > λ2MR ∼ ML and MR/Vc ∼
λ < 1.

Taking into account all O(1) coefficients we finally obtain for the light neutrino masses

and the atmospheric mixing

m3 =
v2
h

MR

A

2 sin2 θ23
(4.21)

m2

m3
=

4λ2

3
sin2 2θ23B (4.22)

tan θ23 = C, (4.23)

where

A =
(λc

2)
2σc

σ̄c
, B =

σ̄cx
2

σcy2
, C =

λc
2σc det a

λ3y
(4.25)

x = c2 (a12a31 − a11a32) + c3 (a11a22 − a12a21) (4.26)

y = σ̄cx− σcb3 (a11a22 − a12a21) . (4.27)

In order to agree with the experimental values m2/m3 ≈
√

∆m2
12/∆m

2
23 ∼ 0.2 and

tan θ23 ∼ 1, one has to require that the above functions of O(1) coefficients take the

(reasonable) values B ∼ 3 and C ∼ 1. The atmospheric squared mass difference provides

an experimental determination of m3 ≈
√

∆m2
23, which translates into a determination of

the scale MR, given by

MR =
v2
hA

2 cos2 θ23
√

∆m2
23

∼ A× 6 × 1014GeV. (4.28)

To achieve agreement with the numerical determination of the various scales provided by

gauge coupling unification, we have to require that A ≈ 3.

4.5 Gauge coupling unification

In the context of the 5D model under consideration, gauge coupling unification has novel

features. A generic feature of 5D models is the presence of threshold effects associated

to the tower of KK excitations associated to bulk fields (sometimes useful to improve the

gauge coupling unification prediction). In our case such thresholds do not arise at the

1-loop level.

The reason why the KK threshold corrections are typically present in 5D models is that

the very breaking of the unified group by boundary conditions also splits the multiplets

associated to the fields in the bulk into submultiplets that are not full representations of the

gauge group and have different masses. In our case, however, such non-full representations

happen again to preserve MSSM 1-loop unification at each floor of the KK tower (and do

not affect the unification scale).
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The beta function coefficients at one loop, neglecting the threshold effects associated to

Vc > MR, follow. Below ML the coefficients are the MSSM ones: (b1, b2, b3) = (33/5, 1,−3).

The quantity determining the αs prediction at one loop is (b3 − b2)/(b1 − b2) = −5/7. In

our case, the content of fields between ML and MR gives a common shift to the coefficients,

even if the new fields are not in full SU(5) multiplets, so that the condition above is trivially

satisfied. The coefficients are (b1, b2, b3) = (78/5, 10, 6). The 1-loop MSSM α3 prediction is

preserved independently of the value of the scale ML. Above MR the gauge group is GPS,

the SM gauge couplings are matched into the PS ones by

1

α4
=

1

α3
,

1

αL
=

1

α2
,

1

αR
=

5

3

1

α1
− 2

3

1

α3
, (4.29)

and the 1-loop MSSM α3 prediction is preserved if (b4 − bL)/(bR − bL) = −1/3. This is

indeed what happens. In fact, between MR and 1/R we have (bL, bR, b4) = (28, 34, 26) and

above 1/R each KK set adds (bL, bR, b4) = (10, 10, 10). The coefficients associated to the

KK floors are the same for the three gauge couplings but still they do not correspond to

full SU(5) multiplets. The 4D gauge couplings are supposed to unify at the cutoff Λ within

an intrinsic uncertainty due to unknown brane Yang-Mills terms [27, 28]. The latter are

suppressed because of the strong coupling regime assumption. The correction to g2(Λ) is

of order 1/lV4 and is therefore expected to be a few percent.

We are now in the position to calculate the prediction for αs(MZ) and Λ = MGUT in our

model and to discuss perturbativity, which we do in the limit in which the brane corrections

vanish. We quote our results in terms of α−1
s (MZ) − α−1

s (MZ)MSSM and Λ/MMSSM
GUT , as

the latter quantities can be calculated with a good accuracy at the one loop level (the

MSSM thresholds and the 2-loop effects below ML mostly cancel). Neglecting high energy

thresholds due to small differences among the masses of the fields that were assumed to be

at the ML, MR, or n/R scale, we have αs(MZ) = αs(MZ)MSSM and Λ = (MMSSM
GUT )2/MR.

The largest threshold effects come from the fact that some of the fields actually live at

the scale Vc > MR or slightly below. More precisely, there are two additional thresholds

corresponding to the non singlet PS/SM vector bosons. Their masses are denoted by

ME (for the SU(2)R extra bosons) and MU (for the SU(4)c extra bosons). Numerically

such splittings are approximately ME/MR ∼ 2, MU/MR ∼ 1.2. In the presence of such

thresholds we have:

α−1
s (MZ) − α−1

s (MZ)MSSM =
45

14π
log

MU

MR
+

18

14π
log

ME

MR
− 30

14π
log

Vc

MR
, (4.31)

Λ =

(

MMSSM
GUT

)2

MR

(

Vc

MR

)8/7(MR

MU

)12/7 (MR

ME

)9/7

. (4.32)

The correlation between the threshold effects in αs and Λ is shown figure 5a, where the

predictions for Λ/MMSSM
GUT and α3(MZ)−αMSSM

3 (MZ) are plotted forME andMU randomly

chosen in the ranges 1 ≤ ME/MR ≤ 3, 1 ≤ MU/MR ≤ 3 and Vc/MR is varied by 50%

around the central value 1/λ (all with uniform distribution in logarithmic scale). We used

Λ/MR = 0.5/λ3, MR/ML = 0.5/λ2 and ΛR = 4. The figure shows that it is possible

to reduce the MSSM prediction for αs(MZ) while keeping Λ above MMSSM
GUT , which helps
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Figure 5. Correlation between the threshold effects on αs(MZ) and Λ (left). Value of αGUT at

the cutoff scale (right).

with proton decay, as we will see in section 4.6. Note that a few KK masses n/R enter

the running before the cutoff Λ is reached. Given the presence of so many new degrees

of freedom, it is important to check that the theory (in particular the running of gauge

couplings) remains calculable up to the cutoff scale. This is indeed the case, as shown in

figure 5b.

4.6 Proton decay

In 4D GUTs the leading contributions to proton decay usually come from d=5 operators

(via Higgs triplet exchange), while d=6 operators (via extra gauge boson exchange) are

subleading. In 5D orbifold GUT models one generally finds the opposite picture: d=5

operators are strongly suppressed due to the U(1)R symmetry, while d=6 operators are

more important because the mass of the extra gauge bosons is smaller than in 4D GUTs

(Mc < MMSSM
GUT ). This general picture also holds in our model. The dominant contribution

to proton decay is SO(10)/PS gauge boson exchange, leading to a lower bound on the

compactification scaleMc > O
(

1016
)

GeV. Before deriving this bound, we briefly comment

on the suppression of the d=5 operators.

The low energy effective theory below ML is the MSSM with R-parity. This allows

only for two d=5 operators that induce proton decay (originating from exchange of chiral

superfields with standard model quantum numbers (3, 1)−1/3) [34],

QQQL|θ2 and DcU cU cEc|θ2 . (4.33)

The operators in eq. (4.33) are suppressed because they violate the U(1)R symmetry. De-

spite there is a source of U(1)R breaking at the scale ML (which is needed to provide the

mass term ψ′ψ̄′), it violates U(1)R by +2 units and hence cannot induce the above oper-

ators. Therefore they can be assumed to be generated at the SUSY breaking scale and

hence to be strongly suppressed. For the case of a minimal SUSY breaking sector (i.e. just

involving a spurion with F-term vev and R = 0), the d=5 operators are clearly subleading.
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Let us now consider the d=6 operators inducing proton decay. There are two such

operators in the MSSM:

QQ(U c)†(Ec)†|θ4 = uLdLū
c
Rē

c
R and QL(U c)†(Dc)†|θ4 = uLeLū

c
Rd̄

c
R. (4.34)

These operators arise from the exchange of gauge fields with quantum numbers (3, 2)(5/6)

and (3, 2)(1/6) , which are contained in the decomposition of the SO(10)/PS gauge bosons

V
(226)
+− . Therefore the suppression of the d=6 operators is O

(

1/M2
c

)

. The numerical

coefficients can be calculated in close analogy to the SU(5) case [35], as we are going to

show in the following.

We start with the relevant part of the 5d action

S5 =

∫

d4x

∫ πR/2

0
dy

(

1

2g2
5

Tr
(

W 2|θ2 + h.c.+ 4∂5V ∂5V |θ4

)

+ δ(y)ψ†
i e

2V ψi|θ4

)

, (4.35)

which fixes the normalization in the KK expansion of V
(226)
+− :

V+−(x, y) =
√

2

∞
∑

n=0

V
(2n+1)
+− (x) cos

(2n+ 1)y

R
. (4.36)

The 4D effective Lagrangian is given by

L4 =
2

g2
4

∞
∑

n=0

(

2n+ 1

R

)2

Tr
(

V
(2n+1)
+− V

(2n+1)
+−

)

+ 2
√

2

(

ψ†
i

∞
∑

n=0

V
(2n+1)
+− ψi

)

|θ4 (4.37)

where we have used 1/g2
4 = (πR/2)/g2

5 . Integrating out the heavy gauge bosons, we obtain

the following effective Lagrangian containing the operators in eq. (4.34)

L4 =
g2
4

M2
c

π2

4

(

2uldlū
c
Rē

c
R + 2ulelū

c
Rd̄

c
R

)

, (4.38)

which is the result for an ordinary 4D SO(10) GUT with gauge boson mass given by Mc,

enhanced by the π2/4 factor, which arises from summing over KK states. The proton decay

rate into π0e+ follows [36]:

Γ(p→ π0e+) = 8α2
H

π4

16

(

g4(Mc)
2AR

M2
c

)2
mp

64πf2
π

(1 +D + F )2 . (4.39)

Using the hadronic parameter αH = 0.015 GeV3, the pion decay constant fπ = 0.13 GeV

and the chiral perturbation theory parameters D = 0.80 and F = 0.47, the partial lifetime

can be estimated to be

1/Γ(p → π0e+) ≈ 2.0 × 1033

(

α4(Mc)

1/12

)−2(AR

2.5

)−2( Mc

1016GeV

)4

years, (4.40)

where the normalization uses the typical values of the gauge coupling at Mc and of the

renormalization coefficient AR we obtain in the model. A comparison with the PDG bound

on the partial lifetime [37]

1/Γ(p → π0e+) > 1.6 × 1033years, (4.41)
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gives the limit we anticipated for the compactification scale

Mc > 9.5 × 1015 GeV

(

α4(Mc)

1/12

)1/2 (AR

2.5

)1/2

. (4.42)

For Mc ∼ 2 × 1016 GeV, the lifetime turns out to be

1/Γ(p → π0e+) ∼ 3 × 1034years, (4.43)

within the sensitivity of future experiments designed to reach a limit on the partial lifetime

of O
(

1035
)

years [38].

4.7 The first family

We have seen that most features of the SM fermion spectrum concerning the second and

third fermion families can be accounted for without flavour symmetries or other dynamics

related to the fermion family indices. The smallness of the first family charged fermion

masses with respect to two heavier ones is also explained. On the other hand, in order to

account for the quantitative aspects of the spectrum associated to the first family, it may

be necessary to introduce some type of flavour dynamics. In this section, we sketch the

case of a flavour symmetry that only acts on the first family, the second and third families

being not charged.

Before showing one example of such a symmetry, let us discuss what type of Yukawa

texture it should provide. One important guideline on the first family entries of the Yukawa

matrices is given by the constraints from FCNC and LFV effects. Such effects are induced

by off-diagonal elements in the sfermion mass matrices written in the so-called SCKM

basis, the basis in which the Yukawa matrices of the corresponding fermions are diagonal.

For example, eq. (3.2) gives

(m2
RR)SCKM = UR







(m2
ẽc)11 0 0

0 (m2
ẽc)22 (m2

ẽc)23
0 (m2

ẽc)23 (m2
ẽc)33






U †

R, (4.44)

(m2
LL)SCKM = UL







(m2
l̃
)11 0 0

0 (m2
l̃
)22 0

0 0 m2
L̃






U †

L (4.45)

in the slepton sector, where UL and UR are the unitary matrices diagonalizing the charged

lepton Yukawa matrices, Y E = U †
RY

E
diagUL. Because of the sizable non-degeneracy between

m2
11 and m2

22, see eq. (3.1), a small rotation between the first two families in UL or UR

induces a sizable off-diagonal 12 entry in m2
SCKM. This in turn gives sizable contributions

to the µ → eγ branching ratio. Therefore, the matrices UL and UR should involve small

rotations in the “12” block, which translates into small 12 and 21 entries in the Yukawa ma-

trices. Analogous considerations hold in the down quark sector because of the constraints

from the Kaon system (∆MK and ǫK).

Because of the above constraints and of the stronger hierarchy mu/mt ≪ md/mb,

i) the d-quark and electron masses must originate from Y D
11 and Y E

11 respectively, ii) the
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corresponding up quark Yukawa should be smaller, Y U
11 ≪ Y D,E

11 , and iii) the Vus angle must

originate from the Y U
21 , with Y D

12,21 and Y E
12,21 smaller than the corresponding 11 elements.

Let us now see how the above requirements can be satisfied. The Yukawa entries Y D,E
11

can be generated by the operator ψ̂1ψ̂1φ̂ĥẐ in the SO(10)-brane superpotential, where Z

is an SO(10) adjoint living on the SO(10) brane and taking a vev in the SU(5)-invariant

direction, with Z24 charge 12, R-charge zero, and
〈

Ẑ
〉

∼ λ2. After plugging the vevs of φ

and Z and using eqs. (4.6) to write the operator in terms of canonically normalized fields,

we get Y D,E
11 ∼ λ5, which is about what needed.9 The interesting property of the operator

ψ̂1ψ̂1φ̂ĥẐ is that it does not give rise to a contribution to Y U
11 , as desired. The reason can

be understood as follows. The operator ψ̂1ψ̂1φ̂ĥ does not contribute to any SM Yukawa

because the vev of φ in the B − L direction makes it antisymmetric in the two ψ’s. In

the case of the up quark Yukawas, the antisymmetry is not spoiled by the presence of

Ẑ. This is because both the right-handed and left-handed up quarks belong to the same

representation of SU(5), so that the vev of Z factorizes. Therefore the up quark Yukawa

still vanishes when Ẑ is included in the operator. On the other hand, in the case of the

down quark and charged lepton Yukawas, the antisymmetry of ψ1ψ̂1φ̂ĥ is spoiled by the

presence of Ẑ, as the right-handed and left-handed fields in this case belong to different

SU(5) representations, and the vev of Z cannot be factorized. Therefore, the corresponding

Yukawas do not vanish when Ẑ is included in the operator. As for Vus, we said above that

it should be generated by the Y U
21 matrix element. The latter can be generated at the

correct level by the operator Σ̂ψ̂1ĥF̂
′
cẐ. This operator involves fields belonging to two

different branes and can be generated by the exchange of bulk fields with no zero modes

(specifically the SO(10) partner of F and its SU(2)R conjugated partner) along the lines

of footnote 7. Once the vevs of F̂ ′
c and Ẑ have been plugged, Σ has been substituted by

its light uc
2
′ component (from eq. (2.2c) one finds that the latter is suppressed by a factor

λ3, T̄Σ ∼ λ3uc
2
′ + heavy), and the “brane-brane-bulk” enhancement in footnote 9 has been

taken into account, one gets λU
21 ∼ λ5, which is about what needed to account for Vus.

As discussed above, if the operator ψ̂1ψ̂1φ̂ĥẐ was accompanied by the operator

ψ̂2ψ̂1φ̂ĥẐ, potentially dangerous FCNC and LFV effects could be generated. In order

to be on the safe side and forbid the second operator one can consider a U(1) flavour

symmetry under which ψ2,3 are not charged, as promised, and ψ1 has charge 1. Giving

the Z field U(1) charge -2 allows the first operator while forbidding the second one. Such

a symmetry would also forbid the Σ̂ψ̂1ĥF̂
′
cẐ operator, as there is no U(1) assignment to

Σ compatible with eq. (4.8). In order to use the U(1) symmetry above one should then

use a different operator, Σ̂ψ̂1ĥF̂
′′
c Ẑ, involving a new field F ′′

c on the PS brane having same

gauge, Z24, U(1)R charges but U(1) charge 1 (accompanied by a corresponding F field in

order not to spoil unification and by the conjugated fields).

Finally, the operator ψ̂1ψ̂1φ̂ĥẐ gives the wrong me/md ratio. The latter can be fixed

if the first family left-handed or right-handed leptons mix. A mixing involving first family

9A term involving 2 brane fields and 1 bulk field is enhanced with respect to a term involving 1 brane

field and 2 bulk fields (which is assumed to be O (1)) by a factor 1/λ, when expressed in terms of canonically

normalized fields.
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left-handed leptons can also account for the solar angle and the other features of the

neutrino mass matrix.

4.8 Summary of section 4

In this section, we embedded the PS model of section 2 into a supersymmetric 5D orbifold

SO(10) model. In particular, the two discrete symmetries Z2 and RP are embedded into a

larger discrete group Z24 and into a continuous R-symmetry U(1)R respectively. New fields

are introduced in order to generate the proper vevs, to account for the neutrino sector and

to preserve unification. We proceeded with an analysis of this setup as follows:

• We studied the possibility that the O (1) parameters and some of the mass scale

hierarchies originate from a strong coupling regime through an order parameter λ ≈
0.24, in agreement with naive dimensional analysis.

• We wrote down the most general superpotential consistent with the symmetries,

where we included two anomalously small coefficients, which represent, together with

the strong coupling hierarchies, the seeds of all hierarchies of the model. In particular,

the low-energy fermion mass hierarchies and small mixings have their very origin in

this assumption.

• The mass scales of the model in section 2, MR and ML, and the compactification

scale Mc turn out to be related to the cutoff scale Λ ≈ 1017 GeV by powers of the

order parameter λ up to O (1) coefficients. The field content at every scale is such

that the MSSM unification of gauge couplings is preserved (“magic field sets”), but

takes place at the higher scale Λ.

• In the neutrino sector we find good agreement with the data up to O (1) coefficients

without making further assumptions. In particular, we obtain a large atmospheric

mixing by means of an unusual mechanism.

• We studied gauge coupling unification in more detail to obtain a prediction for

αs(MZ) and the (new) GUT scale Λ as a function of the small thresholds of the

model. Depending on the O (1) uncertainties of such thresholds, we find that it is

possible to obtain a prediction for αs(MZ) that improves on the standard MSSM pre-

diction.

• We computed the proton lifetime resulting from our unified setup. The contribution

to the decay rate from d=5 operators is strongly suppressed, which is a well-known

consequence of the U(1)R symmetry. The contribution from d=6 operators leads to a

proton partial lifetime 1/Γ(p → π0e+) ∼ 3 × 1034 years, which is consistent with the

present bound from SuperKamiokande and within the reach of future experiments.

• The further suppression of the first family charged fermion masses is also a conse-

quence of the model. On the other hand, in order to account for the quantitative

aspects of the spectrum associated to the first family, it may be necessary to intro-

duce some type of flavour dynamics. We briefly sketched a possible implementation

of this possibility.
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5 Conclusions

Following [1], we illustrated a neutrino-inspired supersymmetric model of fermion masses

and mixings. As in the case of the second and third neutrinos in the context of the

single right-handed dominance mechanism, the dominant exchange of a single set of left-

handed messengers, with unconstrained, O (1) couplings accounts for most features of the

masses and mixings of the second and third families and for the main qualitative features

associated to the first family. While some specific flavour dynamics may need to be invoked

for a quantitative description of the first family, it is impressive that so many other features

do not actually need a flavour symmetry or other dynamics to be explained. Among them,

we cite the suppression of the mass of the second family of charged fermions with respect to

the third one, |Vcb| ∼ ms/mb, (mτ/mb)GUT ≈ 1, (mµ/ms)GUT ≈ 3, the larger suppression

in the up quark sector, mc/mt ≪ ms/mb, the further suppression of the first charged

fermion family mass.

In particular, we discussed the flavour phenomenology and the possibility to embed

the model in a Grand Unified setting, preserving gauge coupling unification.

The interactions of the MSSM fields with the left-handed and right-handed flavour-

messengers living at energies much higher than the electroweak scale leave their imprint on

the sfermion soft masses through radiative effects, which induces FCNC and LFV effects

at low energy. The peculiar feature of our model is that the Yukawa interactions of the

flavour messengers with all the three light families are described by O (1) couplings, leading

to sizable flavour-violating effects in the sfermion mass matrices. As the model targets

especially the second and third families, we concentrated on the τ → µγ decay. The

present limit BR(τ → µγ) . 6.8 · 10−8 only gives a weak constraint on the supersymmetry

parameter space, while a Super B-Factory able to reach a sensitivity of 10−9 would test a

large portion of it. The structure of the radiatively-induced contributions to the soft masses

in the moderate tanβ regime, m̃2
ij = m2

0δij +σcijm
2
0, is particularly promising for detecting

LFV at colliders. This structure gives rise to large mixing between the second and third

family independent of how small σ is. By making σ small the branching ratio BR(τ → µγ)

can be kept under control, but the LFV effects at colliders do not get suppressed, as long as

|m̃2−m̃3| does not get too small, because the mixing angle remains large in the σ → 0 limit.

The model can be embedded in a SO(10) supersymmetric GUT in 5 dimensions. As

usual in 5D GUTs, the doublet-triplet splitting and the suppression of dimension five

operators contribution to proton decay can be easily obtained in terms of orbifold boundary

conditions and an R-symmetry. The three MSSM families are embedded into the spinorial

representation of SO(10), so that the successful SO(10) predictions of the SM fermion gauge

quantum numbers is maintained. We exhibited a full model accounting for the vevs used

in the generation of the flavour structure, among the other things.

Two nice features of the model we are proposing are the possibility to relate the O (1)

parameters to strong couplings and the fact that one of the small order parameters arises

from the strong coupling assumption, in particular from the loop factor l4 in 4 dimensions,

λ ≡ 1/l
1/4
4 ≈ 0.24.

Gauge coupling unification is obtained in 5D in a novel way. At each scale up to the
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cutoff Λ ∼ 1017 GeV the field content has the “magic” property that it exactly preserves the

MSSM 1-loop successful prediction for αs, despite the field content does not constitute a

full SU(5) representation [30]. On the other hand the unification scale, here identified with

the cutoff Λ, gets larger, thus helping to avoid a too fast proton decay rate. This is also true

in the energy range between the compactification scale and the cutoff, where the KK towers

of states enter the running of gauge couplings. This is quite unusual. A generic feature of

5D GUT models is in fact the presence of threshold effects associated to the tower of KK

excitations associated with bulk fields (sometimes useful to improve the gauge coupling

unification prediction). The latter are associated to the very mechanism of GUT breaking

by orbifold boundary conditions, which splits the GUT multiplets in the KK tower. In our

case, such thresholds do not arise at the 1-loop level, because the GUT multiplets are split

into two “magic” sets of fields preserving the MSSM gauge coupling unification.

As for proton decay, dimension-five operators are strongly suppressed due to a U(1)R
symmetry, while d=6 operators are important because the mass of the extra gauge bosons

is not too large. The lower limit on the proton lifetime gives a lower limit on the compact-

ification scale Mc & 9.5 × 1015 GeV, which is compatible with a larger unification scale of

Λ ∼ 1017 GeV.

Some interesting features also arise in the neutrino sector. Previously [1], the large

atmospheric angle and the ∆m2
12/∆m

2
23 suppression were obtained essentially through

the single right-handed neutrino dominance mechanism, which in fact motivates the idea

underlying this flavour model. Here, we consider another, more economical option in which

the large atmospheric mixing arises through a different, unusual mechanism. In our model,

which involves in the see-saw more than the usual 3 singlet neutrinos (9, in fact), the 22,

23, 32, 33 entries of the light neutrino mass matrix turn out to be proportional to four

matrix elements of the inverse heavy singlet neutrino mass matrix. Such elements turn

out to be of the same size and their determinant turns out to be suppressed because it is

related to elements of the singlet neutrino mass matrix. The atmospheric squared mass

difference is determined, up to an O (1) factor, to the scale at which the flavour messengers

live, which in turn is given in terms of the unification scale by eq. (4.12). We then get a

large atmospheric angle θ23, the atmospheric squared mass difference ∆m2
23 at the correct

scale, and the suppression of the solar squared mass difference ∆m2
12 (in the context of

normal hierarchical neutrinos) and of the θ13 angle.

The origin of the peculiar pattern of SM fermion masses and mixings might be related

to the breaking of a flavour symmetry, or to localization in extra dimensions, or it could

be entangled to the structure of string theory. All in all, we find interesting that so many

features of the fermion spectrum could instead just be due to the relative lightness (and

structure) of a single family of flavour messengers, with “horizontal” flavour dynamics

playing essentially no role.
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A Renormalization group equations

In this appendix we present the 1-loop Renormalization Group Equations (RGE) of the

effective model in section 2 above and below the scale MR.

RGEs above MR. The relevant superpotential above MR is given by:

WPS = λif
c
i Fh + λc

ifiF
ch + αiφfiF̄ + αc

iφf
c
i F̄

c + aF̄ cXcF
c + σ̄cF̄

′
cΦF

c + σcF̄
cΦF ′

c,

while the SUSY breaking potential reads

VSSB =
(

m2
f

)

ij
f̃∗i f̃j +

(

m2
fc

)

ij
f̃ c

i

∗
f̃ c

j +m2
hh̃

∗h̃+m2
φφ̃

∗φ̃+m2
F F̃

∗F̃ +m2
F̄

˜̄F ∗ ˜̄F +m2
F cF̃ c∗F̃ c

+m2
F̄ c

˜̄F c
∗ ˜̄F c +m2

F ′
c
F̃ ′

c
∗
F̃ ′

c +m2
F̄ ′

c

˜̄
F ′

c

∗ ˜̄
F ′

c +m2
ΦΦ̃∗Φ̃ +m2

XX̃
∗X̃ +m2

XcX̃c∗X̃c

+m2
HH̃

∗H̃ +
(

Aλ
i f̃

c
iF̃ h̃+Aλc

i f̃iF̃ ch̃+Aα
i φ̃f̃i

˜̄F +Aαc

i φ̃f̃ c
i
˜̄F c +AaX̃c ˜̄F cF̃ c

+Aσc ˜̄F cΦ̃F̃ ′
c +Aσ̄c ˜̄

F ′
cΦ̃F̃

c + h.c.
)

+
1

2

(

M4W̃4W̃4 +MLW̃LW̃L +MRW̃RW̃R + h.c.
)

.

• Yukawa RGEs:

(4π)2
d

dt
λi =

(

8|~λ|2 + 4| ~λc|2
)

λi +
15

8
~αc · ~λαc

i −
(

15

2
g2
4 + 3g2

L + 3g2
R

)

λi

(4π)2
d

dt
λc

i =

(

8| ~λc|2 + 4|~λ|2 +
15

8
σ̄2

c +
3

4
a2

)

λc
i +

15

8
~α · ~λc αi −

(

15

2
g2
4 + 3g2

L + 3g2
R

)

λc
i

(4π)2
d

dt
αi =

(

19

4
|~α|2 + | ~αc|2

)

αi + 2~λc · ~αλc
i −

(

31

2
g2
4 + 3g2

L

)

αi

(4π)2
d

dt
αi =

(

19

4
|~α|2 + | ~αc|2

)

αi + 2~λc · ~αλc
i −

(

31

2
g2
4 + 3g2

L

)

αi

(4π)2
d

dt
αc

i =

(

19

4
| ~αc|2 + |~α|2 +

15

8
σ2

c +
3

4
a2

)

αc
i + 2~λ · ~αc λi −

(

31

2
g2
4 + 3g2

R

)

αc
i

(4π)2
d

dt
a =

(

7

2
a2 +

15

8

(

σ2
c + σ̄2

c

)

+
15

8
| ~αc|2 + 2| ~λc|2

)

a−
(

15

2
g2
4 + 7g2

R

)

a

(4π)2
d

dt
σc =

(

19

4
σ2

c + σ̄2
c +

15

8
| ~αc|2 +

3

4
a2

)

σc −
(

31

2
g2
4 + 3g2

R

)

σc

(4π)2
d

dt
σ̄c =

(

19

4
σ̄2

c + σ2
c + 2| ~λc|2 +

3

4
a2

)

σ̄c −
(

31

2
g2
4 + 3g2

R

)

σ̄c

• A-terms:

(4π)2
d

dt
Aλ

i =
(

6|~λ|2 + 4| ~λc|2
)

Aλ
i +

(

18~λ · ~Aλ
)

+ 8~λc · ~Aλc

λi

+

(

15

8
~αc · ~Aλ +

15

4
~λ · ~Aαc

)

αc
i +

15

2
g2
4

(

2M4λi −Aλ
i

)

+ 3g2
L

(

2MLλi −Aλ
i

)

+ 3g2
R

(

2MRλi −Aλ
i

)
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(4π)2
d

dt
Aλc

i =

(

6| ~λc|2 + 4|~λ|2 +
15

8
σ̄2

c +
3

4
a2

)

Aλc

i

+

(

18~λc · ~Aλc

+ 8~λ · ~Aλ +
15

4
σ̄cA

σ̄c +
3

2
aAa

)

λc
i

+

(

15

8
~α · ~Aλc

+
15

4
~λc · ~Aα

)

αi

+
15

2
g2
4

(

2M4λ
c
i −Aλc

i

)

+ 3g2
L

(

2MLλ
c
i −Aλc

i

)

+ 3g2
R

(

2MRλ
c
i −Aλc

i

)

(4π)2
d

dt
Aα

i =

(

23

8
|~α|2 + | ~αc|2

)

Aα
i +

(

91

8
~α · ~Aα + 2 ~αc · ~Aαc

)

αi

+
(

2~λc · ~Aα + 4~α · ~Aλc
)

λc
i +

31

2
g2
4 (2M4αi −Aα

i )

+ 3g2
L (2MLαi −Aα

i )

(4π)2
d

dt
Aαc

i =

(

23

8
| ~αc|2 + |~α|2 +

15

8
σ2

c +
3

4
a2

)

Aαc

i

+

(

91

8
~αc · ~Aαc

+ 2~α · ~Aα +
15

4
σcA

σc +
3

2
aAa

)

αc
i

+
(

2~λ · ~Aαc

+ 4 ~αc · ~Aλ
)

λi

+
31

2
g2
4

(

2M4α
c
i −Aαc

i

)

+ 3g2
R

(

2MRα
c
i −Aαc

i

)

(4π)2
d

dt
Aa =

(

21

2
a2 +

15

8
(σ2

c + σ̄2
c ) +

15

8
| ~αc|2 + 2| ~λc|2

)

Aa

+

(

15

4
(σcA

σc + σ̄cA
σ̄c) +

15

4
~αc · ~Aαc

+ 4~λc · ~Aλc

)

a

+
15

2
g2
4 (2M4a−Aa) + 7g2

R (2MRa−Aa)

(4π)2
d

dt
Aσc =

(

57

4
σ2

c + σ̄2
c +

15

8
| ~αc|2 +

3

4
a2

)

Aσc

+

(

2σ̄cA
σ̄c +

15

4
~αc · ~Aαc

+
3

2
aAa

)

σc

+
31

2
g2
4 (2M4σc −Aσc) + 3g2

R (2MRσc −Aσc)

(4π)2
d

dt
Aσ̄c =

(

57

4
σ̄2

c + σ2
c + 2| ~λc|2 +

3

4
a2

)

Aσ̄c

+

(

2σcA
σc + 4~λc · ~Aλc

+
3

2
aAa

)

σ̄c

+
31

2
g2
4

(

2M4σ̄c −Aσ̄c
)

+ 3g2
R

(

2MRσ̄c −Aσ̄c
)
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• Soft masses:

(4π)2
d

dt

(

m2
f

)

ij
=

(

2λc
iλ

c
k +

15

8
αiαk

)

(

m2
f

)

kj
+
(

m2
f

)

ik

(

2λc
kλ

c
j +

15

8
αkαj

)

+ 4
(

m2
F c +m2

h

)

λc
iλ

c
j +

15

4

(

m2
F̄ +m2

φ

)

αiαj

+ 4Aλc

i A
λc

j +
15

4
Aα

i A
α
j − 15g2

4M
2
4 − 6g2

LM
2
L

(4π)2
d

dt
(m2

fc)ij =

(

2λiλk +
15

8
αc

iα
c
k

)

(m2
fc)kj + (m2

fc)ik

(

2λkλj +
15

8
αc

kα
c
j

)

+ 4
(

m2
F +m2

h

)

λiλj +
15

4

(

m2
F̄ c +m2

φ

)

αc
iα

c
j

+ 4Aλ
i A

λ
j +

15

8
Aαc

i Aαc

j − 15g2
4M

2
4 − 6g2

RM
2
R

(4π)2
d

dt
m2

h = 8
((

|~λ|2 + | ~λc|2
)

m2
h +

(

m2
fc

)

ij
λiλj +

(

m2
f

)

ij
λc

iλ
c
j +m2

F |~λ|2

+m2
F c| ~λc|2 + | ~Aλ|2 + | ~Aλc |2

)

− 6g2
LM

2
L − 6g2

RM
2
R

(4π)2
d

dt
m2

φ =
15

8

(

∑

i

(α2
i + αc

i
2)m2

φ + (m2
f )ijαiαj + (m2

fc)ijα
c
iα

c
j +m2

F̄ |~α|
2

+m2
F̄ c| ~αc|2 + | ~Aα|2 + | ~Aαc |2

)

− 32g2
4M

2
4

(4π)2
d

dt
m2

F = 4
(

|~λ|2m2
F + (m2

fc)ijλiλj +m2
h|~λ|2 + | ~Aλ|2

)

− 15g2
4M

2
4 − 6g2

LM
2
L

(4π)2
d

dt
m2

F̄ =
15

4

(

|~α|2m2
F̄ + (m2

f )ijαiαj +m2
φ|~α|2 + | ~Aα|2

)

− 15g2
4M

2
4 − 6g2

LM
2
L

(4π)2
d

dt
m2

F c =

(

4| ~λc|2 +
3

2
a2 +

15

4
σ̄c

2

)

m2
F c + 4(m2

f )ijλ
c
iλ

c
j + 4m2

h| ~λc|2

+
3

2

(

m2
Xc +m2

F̄ c

)

a2 +
15

4

(

m2
Φ +m2

F̄c
′

)

σ̄c
2 + 4| ~Aλc |2 +

3

2
Aa2+

15

4
Aσ̄c2 − 15g2

4M
2
4 − 6g2

RM
2
R

(4π)2
d

dt
m2

F̄c
=

(

15

4
| ~αc|2 +

3

2
a2 +

15

4
σ2

c

)

m2
F̄ c +

15

4

(

m2
fc

)

ij
αc

iα
c
j +

15

4
m2

φ
~|αc|2

+
3

2

(

m2
Xc +m2

F c

)

a2 +
15

4

(

m2
Φ +m2

F ′
c

)

σ̄c
2 +

15

4
| ~Aαc |2 +

3

2
Aa2

+
15

4
Aσc2 − 15g2

4M
2
4 − 6g2

RM
2
R

(4π)2
d

dt
m2

F ′
c

=
15

4

(

σ2
cm

2
F ′

c
+ (m2

Φ +m2
F̄c

)σ2
c +Aσc2

)

− 15g2
4M

2
4 − 6g2

RM
2
R

(4π)2
d

dt
m2

F̄ ′
c

=
15

4

(

σ̄c
2m2

F̄ ′
c
+ (m2

Φ +m2
F c)σ̄c

2 +Aσ̄c2
)

− 15g2
4M

2
4 − 6g2

RM
2
R

(4π)2
d

dt
m2

Xc =
3

2

(

a2m2
Xc + (m2

F c +m2
F̄ c)a

2 +Aa2
)

− 16g2
RM

2
R

(4π)2
d

dt
m2

Φ =
15

8

(

(

σ2
c + σ̄c

2
)

m2
Φ +

(

m2
F̄ c +m2

F ′
c

)

σ2
c +

(

m2
F c +m2

F̄c
′

)

σ̄c
2

+Aσc2 +Aσ̄c2
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− 32g2
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RGEs between ML and MR. Neglecting interactions with singlet neutrinos lighter

than MR, the superpotential between ML and MR is given by:

W =
(

αA
q

)

i
qiQ̄Aφ +

(

αA
l

)

i
liL̄Aφ +

(

αT
q

)

i
qiL̄T̄φ +

(

αT
l

)

i
liQ̄Tφ +

(

αG
q

)

i
GφqiQ̄

+ λu
i u

c
iQhu + λd

i d
c
iQhd + λe

i e
c
iLhd.

(A.1)

The boundary conditions for the above Yukawas at MR read:

λu = λd = λe = λ
√

24αA
q = −

√
24

3
αA

l =
√

2αT
q =

√
2αT

l = αG
q = α.

The first and the second line of eq. (A.1) are decoupled: in particular the RGEs for the

second line Yukawas and soft masses are MSSM-like.
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